Abstract-This paper presents a coordinated model predictive control scheme for the Mid-Columbia hydropower system. The Mid-Columbia system consists of seven hydropower plants on the Columbia River in the United States. The state-space model used in the control scheme accounts for system hydraulics, modeling timedelayed hydraulic coupling and dynamic tailrace elevations. We approximate the power generation from a hydropower plant using a piecewise planar function of turbine discharge and hydraulic head, and we demonstrate how this approximation can be written as a set of linear constraints and integrated into a quadratic program. We introduce a flow minimizing objective function that maximizes system hydraulic potential by efficiently allocating water. Compared to historical operations, the proposed control scheme reduces ramping, increases total system hydraulic head, increases system energy content, and operates the system within all elevation and flow constraints.
variables are important and how those variables should be modeled and optimized is a design decision that varies according to the scope of the proposed control scheme.
This paper presents a real-time control scheme for the MidColumbia hydropower system. The Mid-Columbia system is located in the Pacific Northwest region of the United States and consists of seven HPPs on the Columbia River. Our research objective is to analyze the performance improvements of doing optimization in real-time operations, relative to the historical dispatch of the Mid-Columbia system.
We were provided two sets of data for this system. Each set of data contains timestamped measurements of turbine discharge, spill, forebay elevation, tailrace elevation, and power generation. The data sets also include minimum and maximum limits for forebay elevation and turbine discharge. The first set of data was provided at five-minute resolution for all of 2012 (105 408 sample points). The second set of data was provided at oneminute resolution for six representative weeks in 2013 (60 480 sample points). These data sets will be referred to as the fiveminute dataset and one-minute dataset, respectively.
The technical contributions of this paper are (1) the incorporation of a piecewise planar model of hydropower generation into a quadratic program as a set of linear constraints, (2) the development of an objective function that minimizes turbine discharge and spill and maximizes system efficiency, (3) the approximation and integration of nonlinear tailrace dynamics into a linear state space model, and (4) the implementation, validation, simulation, and evaluation of our coordination scheme using a real-world test system. The paper is organized as follows. Section II describes the state space hydraulic model of the hydropower cascade. Section III introduces the piecewise planar approximation of the hydropower production function. Section IV reviews the optimization problem and the formulation of the objective function. Section V presents a case study evaluating our proposed control scheme against the historical operation of the Mid-Columbia system. Section VI concludes the paper.
II. HYDRAULIC MODEL
The proposed control scheme employs model predictive control (MPC), a type of receding horizon control in which a linear state space model is used to predict the reaction of a system to a set of control inputs. Using linear or quadratic programming, the control sequence that delivers the best performance over the time horizon is computed. The first step of this control sequence is then applied, and the system is observed at the next time step. This procedure repeats indefinitely. Linear, discrete-time MPC models have the general form x(k + 1) = Ax(k) + Bu(k) for k = 0, . . . , K − 1 (1) where u(k) is the vector of control variables and x(k) is the vector of state variables. The A and B matrices describe the relationship between the control inputs, current system state, and future system state. K is the discrete time-horizon over which the system is optimized. Additionally, since the state variable cannot change instantaneously, x(0) is a fixed value reflecting the initial system state.
A. Hydraulic Coupling of Sequential Reservoirs
In a cascaded hydropower system, hydraulic coupling can be modeled with a water balance equation in which water released from the upstream dam arrives in the reservoir of the downstream dam after some travel time. Mathematically,
where the natural inflow into the reservoir behind dam j is denoted by w j (k); turbine discharge and spill through dam j is denoted by q j (k) and s j (k), respectively; and the water level behind dam j is denoted by x j (k). There are a total of J dams in the cascade. Ψ j is the surface area of the reservoir behind dam j. We assume that the surface area of each reservoir is constant when the reservoir is operated within its licensed minimum and maximum elevations. We make this assumption because the Columbia River runs through a steep river channel, and a one or two meter change in forebay elevation does not noticeably affect the surface area of the reservoir.
The model is discretized by t k , the length of the optimization interval. The t k /Ψ j term in (2) maps water flow into or out of reservoir j to a proportional increase or decrease in the elevation of reservoir j. The travel time τ j between dam j − 1 and dam j has been normalized by the optimization time step t k . In our previous work, we implicitly set τ j = 0 [8] . In this paper, we were provided travel times for each reach in the Mid-Columbia system, information that we used to improve the hydraulic model. We considered using river routing equations to model hydraulic coupling, but we decided not to use such a formulation because flow and elevation measurements were too noisy to fit accurate routing curves [9] .
The state space model used in MPC relates the system state and control inputs at time k with the system state at the next time step k + 1. Since the travel time between each dam is several times the length of the optimization time step, the formulation in (2) must be modified. Hence, we introduce additional state variables, denoted by b j,m (k). In physical terms, b j,m (k) can be interpreted as the volume of water released from dam j − 1 during time step k − m.
For each dam j, there are M j of these variables, where
From the use of the ceiling operator in (3) , and the fact that the time delay τ j > 0, it is obvious that M j ∈ Z + for j = 2, . . . , J. (For the first dam in the cascade, there is no upstream dam. As a result, τ 1 and M 1 do not exist, and there are no b 1 variables.)
We can now rewrite (2) as a series of three relationships coupling the water released from dam j − 1, the volume of water in b j,m , and the forebay elevation x j :
Next, we introduce limits on the state and control variables corresponding to each dam j
where (5) and (6) limit turbine discharge and spill to constant minimum and maximum values, and (7) limits natural inflow to values determined by a forecast. Limits on forebay elevation (8) are dictated by the regulatory, environmental, and operational constraints specific to each part of the river. We consider limits on state and control variables to be static for the time horizon of interest, but the modeling approach could easily incorporate constraints that vary with time.
Since the Mid-Columbia system does not have any branching, our hydraulic model assumes that the cascaded system is situated on a single river. However, these equations can be generalized to cascades containing multiple rivers [10] , [11] .
B. Modeling Tailrace Elevation
The tailrace is the water immediately downstream of a dam into which the spillway and turbines discharge. The tailrace elevation directly affects the hydraulic head, which in turn affects the power generated in the turbines. Hence, accurately modeling power generation necessitates accurately modeling the tailrace elevation. There is a substantial relationship between the amount of water discharged into the tailrace and the tailrace elevation. In the literature, nonlinear optimization routines typically model this relationship using polynomial functions of turbine discharge [12] - [14] . Linear or quadratic programs often use an affine tailrace function [11] .
In our previous research [8] , the tailrace elevation above sea level z j was computed as
where α j and z 0 j were parameters fit using ordinary least-squares regression. Further analysis of tailrace elevation data indicated that the tailrace elevation was also correlated with the downstream forebay elevation [15] . Adding a term for the forebay elevation, we modified (9) to be
where α j , γ j , and z 0 j were parameters fit using ordinary least-squares regression. This improved the performance of the tailrace function markedly. However, there were still instances where the predicted tailrace elevation was many tens of centimeters lower or higher than the actual tailrace elevation. This occurs because the tailrace elevation can have a nonlinear dependence on the downstream forebay elevation, moving between two modes: encroached and not encroached.
We use the variable φ to denote encroachment status. When dam j is encroached, φ j = 0. When dam j is not encroached, φ j = 1. When the tailrace is in between the two modes, dam j is said to be partially encroached (i.e., 0 < φ j < 1). The encroachment status φ of a dam depends on its current tailrace elevation as well as the forebay elevation of the downstream dam. If its tailrace elevation is up due to increased outflow and the downstream forebay has been drafted, the dam will not be encroached. Similarly, if its outflow is low and the downstream forebay is near its maximum elevation, it will likely be encroached. We define φ j as
where . We elected to define φ j as a linear approximation of the sigmoid function, but any classification function that is both non-decreasing and constrained to be between 0 and 1 could be used.
Before each optimization run, (11) is used to compute a new value for φ j . The tailrace function (10) is then defined as
where
in which we fit two sets of regression parameters, partitioning the data according to the classification function φ j . The breakpoints δ a j and δ b j for φ j were selected via an exhaustive search for the φ j that resulted in the smallest mean squared error of the predicted tailrace elevations. Using (13) instead of (10) does not affect the complexity of the MPC model because φ j is determined before each MPC optimization run. In other words, (13) will be simplified to an equation that looks like (10) before each run of the MPC optimization model. Note that the model proposed in (13) contains the affine term z 0 j , so we compute the linear term using the state space model and then add the affine term whenever we need to compute the tailrace elevation in meters above sea level [8] . This is necessary in order to compute hydraulic head h, which is the difference between the forebay and tailrace elevation, or
To make the case for why the tailrace model in (13) is an improvement, we collected statistics on the performance of the models described by (9) , (10) , and (13), denoted as Model 1, 2, and 3, respectively. The tailrace elevations predicted using Model 3 were calculated using the value for φ j computed one hour prior. These results are shown in Table I . Data was trained on the one-minute dataset and tested on the five-minute dataset. The first three columns of data contain the standard error for the testing sequence. The final two columns show the standard error for Models 2 and 3 normalized by the standard error obtained using Model 1. This table illustrates a reduction in error for every HPP when using Model 3, and especially for Chief Joseph. Fig. 1 shows some example tailrace predictions for Chief Joseph. From the figure, we again note the substantial performance gain obtained using Model 3.
III. HYDROPOWER PRODUCTION FUNCTION
One of the primary contributions of our study lies in how we model hydropower generation as a function of turbine discharge and hydraulic head. This paper extends and revises the methods contained in our previous work [8] .
A. Nonlinear Hydropower Production Function
The amount of gross electrical power extracted from a single hydro turbine-generator is a nonlinear function of turbine efficiency η t , generator efficiency η g , turbine discharge q, and hydraulic head h [16] . Mathematically,
where p is the power produced by the generator and κ is a conversion constant. The turbine efficiency curve, or hill chart, is a concave function whose shape depends on the design and age of the turbine [17] . Turbine efficiency can be as low as 60% at minimum discharge and as high as 95% at the best efficiency point [18] . Generator efficiency is typically greater than 95%
and monotonically increasing with increased generator loading [18] . Equation (17) can also model losses associated with the friction of water in the penstocks and trash racks as a reduction of net hydraulic head [13] , [16] . For multi-unit HPPs, powerhouse generation is a function of turbine discharge, hydraulic head, and unit dispatch. This relationship is known as the hydropower production function (HPF) [14] . The detail with which the HPF is incorporated into an optimization or planning model depends on the time horizon, temporal resolution, scale, and goals of the model. In long-term planning models, for example, HPPs are assumed to operate near some average efficiency and average head, and HPFs can be approximated with a simple linear function. On the other hand, the real-time coordination of cascaded HPPs requires an optimization approach that is both simple enough to solve in real-time and accurate enough to reliably estimate power generation across a range of system conditions.
Although unit dispatch and scheduling is important for realtime operations [19] , we did not model or optimize individual turbine-generator units for three reasons. First, it was difficult to obtain sufficient historical data to accurately characterize the unit-level efficiency curves of each Mid-Columbia HPP [16] . Additionally, turbine and generator efficiency curves supplied by equipment manufacturers can be many years or decades old, making them unreliable.
Second, explicitly considering unit dispatch and scheduling would require nonlinear or mixed-integer programming, increasing the computational complexity and solution time of the optimization problem [5] , [6] . Such models suffer from the curse of dimensionality, and their applicability is limited when optimizing cascaded systems or across long time horizons.
Third, and most importantly, coordination on the MidColumbia does not reach into the powerhouse of individual HPPs. The system coordinator sets the generation basepoint for each HPP but does not specify how many units should be online or what their dispatch should be. As such, there is little utility in modeling a part of the Mid-Columbia system that the system coordinator does not control. However, since each HPP in the Mid-Columbia system has at least ten units, effective unit commitment and dispatch procedures should result in a relatively flat powerhouse efficiency curve. We implicitly assume that plant operators will commit and dispatch their units such that their powerhouse efficiency is maximized.
B. Linearizing the Hydropower Production Function
In order to create a fast and accurate model, we use a piecewise planar function of turbine discharge and hydraulic head to approximate the HPF for each HPP [14] . It is written as a set of linear constraints with no integer variables [5] , [20] , [21] . The function is fit using historical operations data, and we do not directly consider the nonlinearities in (17) .
The linearization process is a standard segmented regression with continuity and convexity constraints [22] . In a segmented regression, the covariates are partitioned into sections and a separate linear function is fit to each section. Since the number and position of each section is pre-selected, the problem is computationally simple. The covariates in the regression are the turbine discharge q, hydraulic head h, and an intercept term. Each partition is defined as the triangle formed by a triplet of (q, h) coordinates. The problem simplifies to a constrained least-squares quadratic program with dimension proportional to the number of partitions.
The regression is fit to data from the one-and five-minute datasets. The partitions are selected in an ad hoc fashion, since computing the optimal number and position of the partitions is a computationally intractable problem. The partitions have the constraint that h ∈ {h max , h min } and q min ≤ q ≤ q max . The maximum and minimum hydraulic heads are selected such that the approximated HPF covers the feasible set of q and h. Additionally, we add a constraint ensuring the concavity of the function in theq direction for all values of h. Fig. 2 shows the approximated HPF for the Wells hydropower plant and the sample points used in the regression.
C. Auxiliary Variables for Discharge and Generation
For each section of the piecewise planar approximation of the HPF, we introduce auxiliary variables q i j and p i j that correspond to the turbine discharge and power associated with section i of the approximated HPF for HPP j. No additional variables are needed for hydraulic head. These three variables create equality constraints for each section i of the piecewise planar function of the form
where the β's are computed in the fitting process. There are I j sections in the approximation for HPP j. Fig. 3 demonstrates how the auxiliary variables are assigned.
As discussed previously, each triangular section is defined by three points of the form (q j , h j , p j ). Each section shares two common points with the section that precedes it as one moves in theq direction. These two points form a line that can be projected onto the (q j , h j ) plane. The projection of the approximated HPF onto the (q j , h j ) plane is shown in Fig. 3 as the dashed black line. Using the relationship established in (18), the intersection of two adjacent sections is These functions correspond to the lower and upper limits for the auxiliary variable q i j , or
In the case of the first section, the lower limit for q 1 j is the minimum turbine discharge, and, in the case of the last section, the upper limit for q I j j is the maximum turbine discharge. In the literature, concave piecewise linear functions of turbine discharge are commonly used to model the HPF [3] , [10] . Although such functions do not account for time-varying hydraulic head, mixed-integer or nonlinear constraints are not necessary to ensure that the function is evaluated correctly, which means that the function can be easily incorporated into a linear or quadratic program. Similarly, our approximation can be thought of as a piecewise linear function with breakpoints determined by hydraulic head, as shown in (20) . Since hydraulic head is the same for each section, the concavity of the piecewise planar surface in theq direction ensures that the function will be evaluated correctly without needing any binary variables or nonlinear constraints [23] .
Additionally, because the vertices of the approximated HPF constitute a convex hull, the fitting procedure developed in this paper could be applied to models that approximate the HPF using piecewise planar inequality constraints [14] .
D. Computing Total Turbine Discharge and Generation
The total turbine discharge is the sum of all auxiliary turbine discharge variables minus their lower limits, i.e.,
A similar approach is used to compute total power production. 
and is a function of the hydraulic head h j . Then, as in (21), the total power production is
where p i j is calculated by (18). In other words, the total power production is the sum of the marginal power production from all sections of the linearized HPF. No constraints on p i j are necessary since it is a linear function of h j and q i j , which are constrained by (16) and (20), respectively.
IV. OPTIMIZATION PROBLEM
The state variables in the optimization problem are the forebay elevation x j , tailrace elevation z j , and time delay variables b j,m . The control variables are turbine discharge q j , spill s j , and natural inflow w j . The MPC model is defined by relationships and (4) to (8) . Auxiliary variables for turbine discharge and power are used to approximate the HPF. Finally, we introduce a power balance constraint
where p load (k) is the electricity load satisfied by the cascade during a particular interval. Our optimization objective is to minimize turbine discharge and spill [24] . The objective function can be written as
where a j is a scalar weight. The quadratic program is convex if the scalar weights are non-negative. Qualitatively, the goal of the proposed scheme is to minimize the amount of water needed to satisfy the power balance (24), or (equivalently) to maximize the amount of stored water energy in the cascade. This is achieved by maximizing the effective hydraulic headh, which is the product of powerhouse efficiency η and hydraulic head h. If the turbine discharge from HPP j is q j , then the resulting changes in effective hydraulic heads are
where the upstream forebay elevation decreases and the downstream forebay elevation increases. In other words, for every one unit increase in the effective head of the downstream HPP, the effective head of the upstream HPP decreases according to the ratio Fig. 4 . This plot shows total Mid-Columbia system load for the case study. System load was significantly below system nameplate capacity.
If the ratio is less than one (greater than one), then we can gain (lose) hydraulic head by moving water from the upstream forebay to the downstream forebay. Using this ratio, we choose our weights such that
For the last HPP in the cascade, there is no downstream HPP. Since the expression in (28) approaches infinity as η j +1 approaches zero, we make a J relatively large.
In lieu of an obvious cost minimization or reference tracking goal, we evaluated various objective functions and weighting schemes minimizing or maximizing different system attributes like outflow, forebay elevation, stored water, and hydraulic head. In the end, we selected (25) and (28) because of its theoretical clarity, numerical stability, and technical performance when tested on the Mid-Columbia hydropower system.
V. CASE STUDY
The coordination scheme developed in the previous sections was designed for the Mid-Columbia hydropower system. To demonstrate the efficacy of our scheme, we benchmarked the performance of our model to historical operations. The historical data was run through a state estimator to obtain turbine discharges that, when used as control inputs to the open-loop hydraulic model, resulted in forebay elevations that matched the historical values. Tailrace elevations were then computed using the developed tailrace model. We used local regression of the actual HPF to compute the power generated from the state estimated turbine discharges and hydraulic head. Philosophically, if our coordination scheme computed the same control inputs as those used in historical system operations, the goal of the state estimation procedure was to ensure that the performance of our coordination scheme would be the same as that of the historical system.
Hydraulic information about the Mid-Columbia system was validated using the one-and five-minute datasets, including turbine discharges and limits, forebay elevations and limits, tailrace elevations, water travel times, and reservoir surface areas. Total system load is shown in Fig. 4 . Natural inflow data, including flow into the Grand Coulee forebay, was compiled from streamflow data provided by the United States Geological Survey with 15-min resolution [25] . Natural inflows on the Mid-Columbia River are usually a small percentage of the flow on the main stem river, and these inflows do not vary substantially on an hour-by-hour basis. Power forecasts were assumed to be perfect. System parameters, objective function weights, and some results are given in Table II .
We chose a period of five days (120 h) in March 2013 for which we had one-minute Mid-Columbia operations data. We used an optimization interval t k of 5 min, simulation interval of 1 min, and time horizon K of 4 h (K = 48). The coordination scheme determined a generation basepoint that was then mapped to a corresponding turbine discharge. In each simulation interval, the power balance was met while minimizing the deviation of each HPP from its basepoint and maintaining the feasibility of the system. Simulations were run on a laptop computer with an Intel Core i7-5600U 2.6 GHz processor and 12 GB of RAM running MATLAB 2014b (64-bit). We used the qp-minos solver called via the TOMLAB interface. The optimization problem consisted of 4471 variables and 10 680 inequality constraints. The full simulation ran in 2:29:03 h. On average, each optimization problem took 6.2 s to solve, which is an order of magnitude faster than comparable nonlinear or mixed-integer optimization approaches.
We evaluated the performance of our coordination on five objectives: hydraulic potential, energy content, turbine discharge ramping, system constraints, and accurate modeling of the HPF.
Hydraulic potential. The objective function was designed to allocate water such that effective hydraulic head, or H/K, was maximized. H/K represents how efficiently an HPP can transform turbine flow into electrical power. For a single HPP,
Total system H/K is the sum of the H/K for each HPP. Fig. 5 shows that large reservoirs (e.g., Wanapum) were drafted in order to maintain hydraulic head at HPPs with small forebays (e.g., Priest Rapids). As shown in Fig. 6 , hydraulic potential increased steadily during the study period, demonstrating how increased hydraulic potential results in lower flows which then results in increased hydraulic potential and so on. Total system H/K was 0.56% higher at the end of the simulation period, equivalent to approximately 75 MW of increased hydraulic capacity given a system nameplate capacity of 13 360 MW. Energy. Net energy stored in the cascade is the total stored energy in the cascade in the optimized case minus total stored energy in the cascade in the historical case. The energy stored in a single reservoir includes both water stored in that reservoir and in the upstream reservoirs, since water in upstream HPPs must still be discharged through the downstream HPPs. The pond energy stored in reservoir j at time k is
where the net volume of water v i stored in reservoir i is
and x i (0) is the forebay elevation of HPP i at the start of the simulation. Pond energy is given in megajoules and net water volume is given in cubic meters. Water volume surplus is the difference in net water volume in the optimized and historical cases. Pond energy is the summed volume surplus of reservoirs 1 to j multiplied by a conversion factor that maps water volume to a corresponding energy quantity. System energy is the running sum of pond energies. Elevations x max and x min are given in meters, surface areas Ψ are given in km 2 , travel times τ are given in minutes, and energy is given in MWh. The turbine discharge ramping score does not have units, but a lower score indicates less ramping. Fig. 5 . This plot shows historical and optimized forebay elevations for each hydropower plant. Forebays with small surface areas were kept full at the expense of forebays with larger surface areas. This strategy maximizes the hydraulic potential of the system. The y-axis labels indicate the minimum, halffull, and maximum forebay elevations of each hydropower plant, excluding Grand Coulee. The y-axis labels chosen for Grand Coulee, which impounds a seasonal storage reservoir, are not significant. As shown in Table II , all HPPs ran an energy surplus except for Grand Coulee. As Fig. 5 shows, its forebay was drafted to supply water to the downstream projects. The two federallyowned HPPs (Grand Coulee and Chief Joseph) ran a net energy deficit, whereas the five municipally-owned HPPs ran a net energy surplus. Combined, however, the whole system ran an energy surplus, as illustrated in Fig. 7 . Overall, the net energy benefit was 1555 MWh, or 13 MW avg , or 0.30% of the total energy produced during the five-day simulation period. This is comparable to other results reported in the literature [24] .
Ramping. Ramping was reduced significantly and turbine discharges had smoother profiles. As shown in Fig. 8 , ramping was highest at Grand Coulee and lowest at Wanapum and Priest Rapids. Quantitative measures of discharge ramping are given in Table II for each HPP. Ramping scores are computed from the sum of the absolute change in turbine discharge at each time step; scores were calculated on smoothed turbine discharge data to remove measurement noise in the historical data. The reduction in ramping was not an explicit optimization objective, but the behavior emerged from the quadratic objective function and the chosen weights. In general, for a single HPP and a given amount of flow, the solution that minimizes the objective function is the one that equalizes flow across time periods. This results in reduced ramping.
System constraints. The minimum turbine discharge limit at Priest Rapids was 1900 m 3 /s. Priest Rapids normally operated at its minimum turbine discharge and maximum forebay elevation limits, as shown in Figs. 5 and 8; this behavior was enabled in part by Wanapum buffering inflows into the smaller Priest Fig. 8 . This plot shows historical and optimized turbine discharges for each hydropower plant. Turbine discharge ramping was significantly reduced using the proposed coordination scheme.
Rapids forebay. However, near the end of the simulation, each reservoir was at its maximum elevation limit, except for the seasonal storage reservoir behind Grand Coulee Dam. This meant that the total hydraulic potential of the Mid-Columbia was maximized given the hydraulic conditions. It was only then, once the system was filled to its maximum capacity, that Priest Rapids was forced to turbine above its minimum turbine discharge limit in order to avoid violating its maximum forebay elevation limit.
This behavior is a result of the large penalty on outflow from Priest Rapids, which ensures that it will not release water unless forced to. It also illustrates how an appropriately formulated objective function interacts with the hydraulic model and system constraints to elicit the desired control inputs. Indeed, the synergy between these components is why our coordination scheme effectively optimizes the operations of run-of-river hydropower systems.
To demonstrate the robustness of our scheme to different system topologies, consider the construction of a small HPP downstream of Priest Rapids. If this plant has limited water storage, increases (or decreases) in outflow from Priest Rapids will require a corresponding increase (or decrease) in outflow from the downstream HPP to avoid overfilling (or underfilling) its reservoir. However, while the outflow penalty on Priest Rapids will be very small (i.e., a J 1), the outflow penalty on the new HPP will be very large as it is now the last HPP in the cascade. Thus, any change in outflow from Priest Rapids will incur a large penalty at the downstream HPP, and it will be as though the outflow penalty on Priest Rapids had never changed at all. Because the new HPP provides little generation capacity The mean and standard deviation (μ ± σ ) of the absolute errors are given in m 3 /s. The mean and standard deviation of the relative errors are given in percent.
or water storage flexibility, its addition should not and will not affect system operations substantially.
Accuracy of the approximated HPF. In Section III, we approximated the HPF using a piecewise planar function of turbine discharge and hydraulic head. In the case study, the piecewise planar model estimated turbine discharge more accurately than a simple linear model would have. (The simple linear HPF model computes power generation as a linear function of turbine discharge and hydraulic head, plus an intercept term. Using the simple linear model and generation basepoints computed during the simulation, we can compute estimated turbine discharges after the fact.) Accuracy for both models is computed by comparing the estimated turbine discharge with the turbine discharge computed in the simulation. Recall that simulated turbine discharge is computed using the generation basepoint and the actual HPF. Table III gives the mean and standard deviation of the modeling error for the simple linear model and the piecewise planar model developed in this paper. Except for Grand Coulee, all HPPs showed a significant increase in accuracy when using the piecewise planar model. Wells, Rocky Reach, and Rock Island showed the most improvement. For example, a simple linear model underestimates the turbine discharge at Rock Island by, on average, 139 m 3 /s. The piecewise planar model reduces this error by an order of magnitude, to 11 m 3 /s.
VI. CONCLUSION
This paper presented a coordinated control scheme for the Mid-Columbia hydropower system. Our hydraulic model consisted of the water balance equation (including water travel times) and a model of tailrace dynamics. We approximated the HPF using a piecewise planar function written as a set of linear constraints. This approximation accounts for head effects and non-constant efficiency. The objective function was formulated to allocate water such that the total hydraulic head of the system was maximized. We compared the performance of our control scheme to the historical operation of the Mid-Columbia system. The results showed that our control scheme minimized ramping, increased system hydraulic head, increased the energy stored in the cascade, and successfully handled system constraints. The results also demonstrated that the piecewise planar HPF accurately estimates the turbine discharge needed to generate a given amount of power under varying hydraulic heads.
Future work includes the analysis of different objective functions that maximize water use efficiency and assessment of our scheme under different load and constraint scenarios. We also intend to study how the approximated HPF performs when the objective function causes the approximated HPF to be evaluated incorrectly (i.e., when the objective is to minimize something other than turbine discharge and spill). Additionally, we plan to use this control framework to analyze the ability of the five municipal HPPs in the Mid-Columbia system to balance wind generation variability.
